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In this paper the following construction process of orthogonal polynomials on the unit
circle is considered: Let u be a regular and hermitian linear functional and let {Φn} be the
corresponding orthogonal polynomials sequence. We deﬁne a new linear functional L by
means the following relation with u:
λ(z − β)L= (z − α)u, α,β,λ ∈ C, λ = 0.
In this situation we obtain conditions for the regularity of L, as well as the corresponding
orthogonal polynomials sequence. Also, we give one explicit representation for the
orthogonal polynomials sequence of the second kind associated to L. For the particular
case when α = β , L becomes in the well-known modiﬁcation of u by addition of a Dirac
mass. This case will be studied with special attention.
© 2009 Published by Elsevier Inc.
1. Notation and preliminary results
We recall some deﬁnitions and general results about orthogonal polynomials on the unit circle (OPUC). They can be
found in [4,8,10]. Along this paper, we will use the following notations.
We denote by Λ = span{zk, k ∈ Z} the linear space of Laurent polynomials with complex coeﬃcients and let Λ′ be the
dual algebraic space of Λ. Let P = span{zk, k ∈ N} be the space of complex polynomials.
Deﬁnition 1.1. Let u ∈ Λ′ . Denoting by un = u(zn), for n ∈ Z, we say:
– u is hermitian if ∀n 0, u−n = un .
– u is regular or quasi-deﬁnite (positive deﬁnite) if the principal minors of the moment matrix are nonsingular (positive),
i.e.,
∀n 0, n = det
(
u
(
zi− j
))
i=0...n; j=0...n = 0 (> 0).
In any case we denote ∀n 0, en = nn−1 with −1 = 1.
The sequence {un} is said to be the sequence of the moments associated to u.
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circle exists such that:
u
(
P (z)
)= 1
2π
2π∫
0
P
(
eiθ
)
dμ, P ∈ Λ.
Deﬁnition 1.2. Let {Φn(z)}+∞0 be a complex polynomial sequence with degΦn(z) = n. We say that {Φn(z)}+∞0 is a sequence
of orthogonal polynomials (OPS) with respect to the linear and hermitian functional u if:
∀n,m 0, u
(
Φn(z)Φm
(
1
z
))
= enδnm with en = 0.
In the sequel, we denote by {Φn} the monic orthogonal polynomials sequence (MOPS) associated with u.
For simplicity, we also assume that u is normalized (i.e., u0 = u(1) = 1).
It is well known that the regularity of u is a necessary and suﬃcient condition for the existence of a sequence of
orthogonal polynomials on the unit circle. On the other hand, the polynomials Φn satisfy the so-called Szegö recurrence
relations:
∀n 1, Φn(z) = zΦn−1(z) + Φn(0)Φ∗n−1(z), (1)
∀n 1, Φ∗n (z) = Φ∗n−1(z) + Φn(0)zΦn−1(z), (2)
∀n 1, Φn(z) =
(
1− ∣∣Φn(0)∣∣2)zΦn−1(z) + Φn(0)Φ∗n (z), (3)
∀n 1, Φ∗n (z) =
(
1− ∣∣Φn(0)∣∣2)Φ∗n−1(z) + Φn(0)Φn(z), (4)
where Φ∗n (z) = znΦn( 1z ) is the reversed polynomial of Φn(z), n 0.
Deﬁnition 1.3. Given a MOPS {Φn} the sequence of kernels of parameter y ∈ C associated with the linear functional u is
deﬁned by
∀n 0, Kn(z, y) =
n∑
j=0
Φ j(y)
e j
Φ j(z). (5)
Some elementary properties of Kn(z, y) are
∀n 1, Kn(z, y) = zyKn−1(z, y) + Φ
∗
n (y)
en
Φ∗n (z), (6)
∀n 0, Kn(z, y) = 1
en+1
(
Φ∗n+1(z)Φ∗n+1(y) − Φn+1(z)Φn+1(y)
1− zy
)
, 1− zy = 0, (7)
∀n 0, (i) Kn(z, y) = Kn(y, z); (ii) Φ∗n (z) = enKn(z,0), (8)
∀P ∈ P, u(Kn(z, y)Q (1/z))= Q (y). (9)
To the linear functional u we can associate a formal series Fu as follows
Fu(z) = 1+ 2
+∞∑
n=1
unz
n, (10)
we will refer to Fu as the series of the moments.
In the positive deﬁnite case, Fu is called the Carathéodory function associated to u. In this case, Fu can be written
Fu(z) = 1
2π
2π∫
0
eiθ + z
eiθ − z dμ(θ), |z| < 1.
The measure dμ can be reconstructed from Fu by means the inversion formula.
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is deﬁned by the formula
Ωn(z) =
{
u( y+zy−z (Φn(y) − Φn(z))) = zn + · · · , if n 1;
1, if n = 0. (11)
The associated polynomials of the second kind also satisfy the Szegö recurrence relations. As it is well known, the
reﬂection parameters of the sequences {Ωn} and {Φn} are connected by Ωn(0) = −Φn(0). As a consequence {Ωn} is an
orthogonal polynomials sequence.
Deﬁnition 1.5. The functions of the second kind associated with {Φn} are deﬁned by
∀n 1, Qn(z) = u
(
y + z
y − zΦn(y)
)
, (12)
and Q 0(z) = F (z).
The following relations hold
∀n 0, Ωn(z)Φ∗n (z) + Ω∗n (z)Φn(z) = 2znen, (13)
∀n 1, Qn(z) = Ωn(z) + F (z)Φn(z). (14)
Deﬁnition 1.6. Given a MOPS {Φn} the sequence of polynomials of the ﬁrst kind associated with the linear functional u is
deﬁned by
∀n 0, Φ(1)n (y) = u
(
Φn+1(z) − Φn+1(y)
z − y
)
. (15)
Another useful relation is
∀n 1, Ωn(y) = −Φn(y) + 2yΦ(1)n−1(y). (16)
The product of a functional u by a polynomial f ∈ Λ denoted by f u is deﬁned by
( f u)(P ) = u( f (z)P (z)), P ∈ Λ.
With the bracket of duality the above is 〈 f u, P 〉 = 〈u, f P 〉. This operation is a very useful constructive process of linear
regular functionals. It has been used in the framework of the theory of orthogonal polynomials by many authors (see the
references, among others).
A particular case of this method will be considered here. Concretely, we assume that the functional u ∈ Λ′ is regular and
we deﬁne L ∈ Λ′ by means the functional equation
λ(z − β)L= (z − α)u, α,β,λ ∈ C, λ = 0. (17)
In the present contribution we construct two new sequences of orthogonal polynomials in terms of u: the sequence {Ψn}
of orthogonal polynomials with respect to the suitable solutions L and the corresponding sequence of the second kind
polynomials associated with L. The structure of the article as follows:
In Section 2 we consider the hermitian non-trivial solutions L of (17) and we give a necessary and suﬃcient condition
for they regularity. Also, we obtain some linear relations linking the MOPS related to L and u. Section 3 contains the study
of some interesting properties about the new functional L, for instance the positive deﬁnite character. In Section 4, we give
the sequence of the polynomials of the second kind associated with L, on assumption L to be regular. Finally, in Section 5
we analyze the special case when α = β .
2. The regular and hermitian solutions
Along this paper, we only consider the hermitian solutions L ∈ Λ′ of the functional equation (17), where u ∈ Λ′ is
regular and hermitian. Denoting by {vn} the sequence of the moments associated to L, i.e., L(zn) = vn , n ∈ Z, from (17) we
have
vn+1 = βvn + 1 (un+1 − αun), n ∈ Z. (18)
λ
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L
(
P (z)
)= (u
λ
+
(
v0 − 1
λ
)
δβ + (β − α)
λ
(z − β)−1u
)(
P (z)
)
, P ∈ P, (19)
where |α| = |β| = 1 and λα = λβ (see [9]).
The linear functional (z − β)−1u ∈ Λ′ is deﬁned in the same way as in the real case (see [6]). Explicitly, the moments of
(z − β)−1u ∈ Λ′ are given by
(
(z − β)−1u)n =
{
0, if n = 0;∑n−1
k=0 ukβn−1−k, if n 1,
(20)
and ((z − β)−1u)−n = ((z − β)−1u)n for all n 1.
To be more speciﬁc, from now, on L denotes the normalized linear and hermitian functionals whose sequence of mo-
ments is given by
∀n 1, vn = L
(
zn
)= un
λ
+ (λ − 1)
λ
δβ + (β − α)
λ
n−1∑
k=0
ukβ
n−1−k (21)
with the additional conditions |α| = |β| = 1 and λβ = λα.
Remark 2.1. It is worth pointing out that the solutions of Eq. (17) can be non-hermitian. The formula (21) is the more
general hermitian solution.
For the particular case when α = β , then L becomes L= u
λ
+ (λ−1)
λ
δα . This case is the corresponding to the modiﬁcation
of u by addition of a Dirac mass located in a point α belonging to the unit circle. Obviously, λ = λ. If, moreover, λ = 1, the
functional L is the trivial solution L= u and it will be excluded.
Next, we study the regularity of L. We will use for L and u a similar terminology. We take E0 = Ψ0(z) = 1.
Proposition 2.1. Let L be regular and denote by {Ψn}n0 the corresponding MOPS. Then, for all n 1, the following formula holds
Ψn(z) = Φn(z) + AnKn−1(z,α), where An = en − λEn
Φn(α)
, (22)
and En = L(Ψn(z)Ψn(1/z)) = 0.
Proof. Consider the Fourier expansion of {Ψn} in terms of {Φn}, i.e.,
∀n 1, (z − α)Ψn(z) = Φn+1(z) +
n∑
j=o
an, jΦ j(z), (23)
where an, j = u((z−α)Ψn(z)Φ j(1/z))e j . Relation (17) gives
an, j = λL((z − β)Ψn(z)Φ j(1/z))
e j
.
Using (1), (8)(ii) and (9), we get:
e jan, j =
{
−λΨn+1(0)EnΦ j(0), if 0 j  n − 1;
−λΨn+1(0)EnΦn(0) − λβEn, if j = n.
Wherefrom (23) becomes in
∀n 1, (z − α)Ψn(z) = Φn+1(z) − λ En
en
Ψn+1(0)Φ∗n (z) − λβ
En
en
Φn(z).
Taking z = 0 and using (1) and (3),
∀n 1, (z − α)Ψn(z) = zΦn(z) − λβ En
e
zΦn−1(z) − αΨn(0)Φ∗n (z).
n−1
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enK
∗
n (z,α) =
zΦn(z)Φ∗n (α) − αΦn(α)Φ∗n (z)
z − α ,
and putting z = α, we obtain
∀n 1, Ψn(z) =
(
enK
∗
n (z,α) − λβEnK ∗n−1(z,α)
) 1
Φ∗n (α)
.
Notice that Φ∗n (α) = 0 because |α| = 1. Now, from the recurrences of the kernels (6), we get
Ψn(z) = Φn(z) + αen − λβEn
Φ∗n (α)
K ∗n−1(z,α).
Substituting K ∗n (z, y) = ynKn(z, 1y ) we can rewrite this last as (22). 
With the object of to know {Ψn} in terms of the data u, we need to ﬁnd En . This is the purpose of the following
proposition.
Proposition 2.2. Let {Sn(β,α)}n0 be the sequence of complex numbers deﬁned by
n 1, Sn(β,α) = (λ − 1)Kn(β,α) + 1+ (β − α)
n∑
k=1
Φ
(1)
k−1(β)
Φk(α)
ek
(24)
and S0(β,α) = λ.
If L is regular, then for all n 1, Sn(β,α) = 0. Furthermore,
∀n 1, λ En
en
= Sn(β,α)
Sn−1(β,α)
. (25)
Proof. At ﬁrst, we compute λL(Ψn(z)) in terms of {Φn}. From (19),
λL
(
Ψn(z)
)= u(Ψn(z))+ (λ − 1)Ψn(β) + (β − α)u
(
Ψn(z) − Ψn(β)
z − β
)
.
Using (22), the right-hand side is
n 1, An + (λ − 1)Ψn(β) + (β − α)u
(
Ψn(z) − Ψn(β)
z − β
)
. (26)
Again, from (22),
n 1, Ψn(z) − Ψn(β)
z − β =
Φn(z) − Φn(β)
z − β + An
n−1∑
k=0
(
Φk(z) − Φk(β)
z − β
)
Φk(α)
ek
.
Applying u and taking into account (15), we get
u
(
Ψn(z) − Ψn(β)
z − β
)
=
{
Φ
(1)
n−1(β) + An
∑n−1
k=1 Φ
(1)
k−1(β)
Φk(α)
ek
, if n 2;
1, if n = 1.
(27)
Therefore,
λL
(
Ψn(z)
)=
{
An(1+ (β − α)∑n−1k=1 Φ(1)k−1(β)Φk(α)ek ) + (λ − 1)Ψn(β) + (β − α)Φ(1)n−1(β), if n 2;
A1 + (λ − 1)Ψ1(β) + (β − α), if n = 1.
(28)
Since L is regular, then L(Ψn(z)) = 0, for all n 1. Putting z = β in (22) and using (28), it holds that
n 1, AnSn−1(β,α) + (λ − 1)Φn(β) + (β − α)Φ(1)n−1(β) = 0, (29)
where Sn−1(β,α) is deﬁned (for convenience) as in the statement.
Now, we use An = en−λEn
Φn(α)
to obtain (25). 
We introduce several useful notations. We denote by {Rn}n1 the sequence of polynomials deﬁned as a linear combina-
tion of the initial orthogonal polynomials Φn and the polynomials of the ﬁrst kind Φ
(1)
n−1 as follows
∀n 1, Rn(z) = (1− λ)Φn(z) − (z − α)Φ(1) (z).n−1
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∀n 1, Rn(z) = 1
2z
((
(1− 2λ)z + α)Φn(z) − (z − α)Ωn(z)). (30)
Corollary 2.1. If L is regular, then An in (22) is given by
∀n 1, An = Rn(β)
Sn−1(β,α)
. (31)
Furthermore, the regularity condition on L can be rewritten as follows
n 1, Sn(β,α) = λ −
n∑
n=1
Rk(β)
Φk(α)
ek
= 0.
Proof. Use (29) and (24), respectively. 
We are now in a position to show the regularity characterization theorem.
Theorem 2.1. Let L be the linear functional given by (19) normalized by L(1) = v0 = 1. L is regular if and only if for all n  1,
Sn(β,α) = 0. Furthermore, the MOPS {Ψn} and {Φn} related to L and u, respectively, are linked by
∀n 1, Ψn(z) = Φn(z) + Rn(β)
Sn−1(β,α)
Kn−1(z,α).
Proof. Only remains to prove the suﬃcient condition
L
(
Ψn(z)z
− j)= knδn, j, ∀n 1, 0 j  n with kn = 0.
Indeed,
L
(
Ψn(z)z
− j)= L(Ψn(z)(z− j − β− j + β− j))
= −β− jL
(
(z − β)Ψn(z)
( j−1∑
m=0
βmz−(m+1)
))
+ β− jL(Ψn(z)).
Applying λ(z − β)L= (z − α)u,
L
(
Ψn(z)z
− j)= −1
λ
β− ju
(
(z − α)Ψn(z)
( j−1∑
m=0
βmz−(m+1)
))
+ β− j(LΨn(z)). (32)
From (22) and (31) and the Christoffel–Darboux formula (7),
(z − α)Ψn(z) = (z − α)Φn(z) + α Rn(β)
en Sn−1(β,α)
(
Φn(z)Φn(α) − Φ∗n (z)Φ∗n (α)
)
. (33)
We compute (32) with the relation (33) and using the regularity of u,
u
(
(z − α)Φn(z)
( j−1∑
m=0
βmz−(m+1)
))
=
{
0, if 0 j  n − 1;
−αβn−1en, if j = n,
u
((
Φn(z)Φn(α) − Φ∗n (z)Φ∗n (α)
)( j−1∑
m=0
βmz−(m+1)
))
=
{
0, if 0 j  n − 1;
βn−1Φn(α)en, if j = n.
Therefore
L
(
Ψn(z)z
− j)=
⎧⎨
⎩
β− jL(Ψn(z)), if 0 j  n − 1;
αβ
λ
en[1− Rn(β)Φn(α)en Sn−1(β,α) ] + β−nL(Ψn(z)), if j = n.
Thus, we only need to prove that L(Ψn(z)) = 0, n 1. In order to do this we use (28). 
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In the remains of the paper assume L a be regular functional as before u being also regular.
Proposition 3.1. There exists n 1 such that Φn(z) = Ψn(z) if and only if L= u.
Proof. Assume that ∃n 1 such that Φn(z) = Ψn(z) then from (22), An = 0. From (30) and (31), it holds that (β(1 − 2λ) +
α)Φn(β) = (β − α)Ωn(β). Since |β| = 1, we have Φn(β) and Ωn(β) are non-zero. Thus,
(i) β(1− 2λ) + α = 0 and β − α = 0, or
(ii) Ωn(β) = β(1−2λ)+α(β−α) Φn(β).
The possibility (i) implies λ = 1 and α = β hence L = u. The second one (ii) is impossible, because it is in contradiction
with the fact Ωn(β)Φ∗n (β) + Ω∗n (β)Φn(β) = 0, given that Ω∗n (β) = − β(1−2λ)+α(β−α) Φ∗n (β).
The converse is immediate. 
In the remains of this section assume L = u. Now, we study the positive deﬁnite character of L on assumption that u is
positive deﬁned. In order to do this, we give the relation between the corresponding series of the moments Fu and FL .
Proposition 3.2. If L is regular, then FL is the following rational transformation of Fu :
FL(z) =
1
λ
((z − α)Fu(z) + (z + α)) − (z + β)
(z − β) . (34)
Proof. Indeed, from (10), FL(z) = v0 + 2∑+∞n=1 vkzk , thus
(1− zβ)FL(z) = (1− zβ)v0 + 2v1z + 2
+∞∑
n=1
(vn+1 − βvn)zn+1.
Using (18), it holds that
+∞∑
n=1
(vn+1 − βvn)zn+1 = 1
λ
+∞∑
n=1
(un+1 − αun)zn+1,
wherefrom
FL(z) =
1
λ
((1− zα)Fu − (1+ zα)) + (1+ zβ)v0
(1− zβ) .
Putting αβ = λ
λ
and v0 = 1 we have (34). 
We will see that the positive deﬁnite character of L requires α = β .
Proposition 3.3. If L is positive deﬁned then α = β .
Proof. We assume α = β and L positive deﬁned and we get to a contradiction.
From (34),
(z − β)(FL(z))= (z − α)
λ
(Fu(z)).
If we denote by μ˜′(θ) the absolutely continuous part of the measure corresponding to L and use μ˜′(θ) = (FL(eiθ )), we
have
μ˜′(θ) = e
i
(ξ1−ξ2)
2
λ
sin( θ−ξ12 )
sin( θ−ξ22 )
μ′(θ), α = eiξ1 , β = eiξ2 , (35)
where μ′(θ) denotes the absolutely continuous part of the measure related to u. Then,
dμ˜(θ) = const. B1(θ) dμ(θ) +
(
1− 1
)
δβ, Bi(θ) = sin
(
θ − ξi )
, i = 1,2.
B2(θ) λ 2
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there exists M ∈ N such that Φn(0) = Ψn(0) = 0, for all n  M . Which is in contradiction with the fact An = 0, because
Ψn(0) = Φn(0) + An . Therefore, if L is positive deﬁned must be B1 = B2, i.e., α = β . 
The following result is crucial in the next section.
Proposition 3.4. The polynomials {Φn} and {Ψn} satisfy a linear relation as follows
∀n 1, Ψn+1(z) + pn+1Ψn(z) = Φn+1(z) + qn+1Φn(z), (36)
where pn+1 = − Rn+1(β)Rn(β)
Sn−1(β,α)
Sn(β,α)
= 0 and qn+1 = − Rn+1(β)Rn(β) = 0.
Proof. From (22) and the recurrences of the kernels
n 1, Ψn+1(z) = Φn+1(z) + An+1
(
Kn−1(z,α) + Φn(α)
en
Φn(z)
)
,
eliminating Kn−1(z,α) with (22),
Ψn+1(z) − An+1
An
Ψn(z) = Φn+1(z) + An+1
(
Φn(α)
en
− 1
An
)
Φn(z).
Now, using (31), we get to the result. 
Remark 3.1. Linear combinations of several sequences of orthogonal polynomials is a topic of interest in the framework of
the general theory of orthogonal polynomials. Several situations about this kind of problems has been studied in [1] and [5],
for instance.
4. The second kind polynomials associated with L
Assume L and u as in Section 3. In what follows we denote by {Q˜ n} the functions of the second kind associated with L,
i.e., Q˜ n(z) = L( y+zy−zΨn(z)). Also, we denote by {Ω˜n} the monic polynomials sequence of the second kind associated with L
deﬁned by (11). In this section, our goal is to obtain one expression for the MOPS {Ω˜n} in terms of {Φn}.
Theorem 4.1. Let Tn+1(z) be the linear combination of orthogonal polynomials given by (36), i.e.,
∀n 1, Tn+1(z) = Ψn+1(z) + pn+1Ψn(z) = Φn+1(z) + qn+1Φn(z), (37)
then the following relation holds
∀n 1, (z − β)(Ω˜n+1(z) + pn+1Ω˜n(z))= (z − α)
λ
(
Ωn+1(z) + qn+1Ωn(z)
)−(1
λ
(z + α) − (z + β)
)
Tn+1(z).
(38)
Proof. We use (14) and (36) to obtain
Q˜ n+1(z) + pn+1 Q˜ n(z) = Ω˜n+1(z) + pn+1Ω˜n(z) + FL(z)Tn+1(z), (39)
Qn+1(z) + qn+1Qn(z) = Ωn+1(z) + qn+1Ωn(z) + Fu(z)Tn+1(z). (40)
Multiplying (39) by (z − β) and using (34),
(z − β)(Q˜ n+1(z) + pn+1 Q˜ n(z) − Ω˜n+1(z) − pn+1Ω˜n(z))+
(
(z + β) − 1
λ
(z + α)
)
Tn+1(z)
= 1
λ
(z − α)Fu(z)Tn+1(z). (41)
Eliminating Fu(z)Tn+1(z) with (40), we get
(z − β)(Q˜ n+1(z) + pn+1 Q˜ n(z))− (z − α)
λ
(
Qn+1(z) + qn+1Qn(z)
)
= (z − β)(Ω˜n+1(z) + pn+1Ω˜n(z))− (z − α) (Ωn+1(z) + qn+1Ωn(z))−
(
(z + β) − 1 (z + α)
)
Tn+1(z). (42)λ λ
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is null, therefore the right-hand side is a polynomial of degree  n + 1. Obviously, the same assert for the left-hand side. If
we prove the equality
(z − β)(Q˜ n+1(z) + pn+1 Q˜ n(z))− (z − α)
λ
(
Qn+1(z) + qn+1Qn(z)
)= 0, (43)
then the statement follows. In order to do this, we use the asymptotic expansion of Qn(z) in |z| < 1, i.e., Qn(z) = 2enzn +
O(zn+1), n 1 (see [4] and [7]) and the same expansion for Q˜ n(z). We have
Qn+1 + qn+1Qn = 2qn+1enzn + · · · , and Q˜ n+1 + pn+1 Q˜ n = 2pn+1Enzn + · · · .
The coeﬃcient of zn in (43) is
2en
(
−βpn+1 En
en
+ α
λ
qn+1
)
= −2en α
λ
(
λpn+1
En
en
− qn+1
)
= 0,
by virtue of (25). Only remains to prove that the coeﬃcient of degree n + 1 in (43) is also null. At the moment we have
(z − β)(Q˜ n+1(z) + pn+1 Q˜ n(z))− (z − α)
λ
(
Qn+1(z) + qn+1Qn(z)
)= Cn+1zn+1
= (z − β)(Ω˜n+1(z) + pn+1Ω˜n(z))− (z − α)
λ
(
Ωn+1(z) + qn+1Ωn(z)
)−((z + β) − 1
λ
(z + α)
)
Tn+1(z), (44)
where Cn+1 will be determined. According to (30),
(z − α)
λ
(
Ωn+1(z) + qn+1Ωn(z)
)+((z + β) − 1
λ
(z + α)
)
Tn+1(z)
= −(z − β)Tn+1(z) − 2z
λ
(
Rn+1(z) + qn+1Rn(z)
)
. (45)
Putting z = β in (44) and using (45), we ﬁnd Cn+1 = 0 and this completes the proof. 
Corollary 4.1. Let {Ψ (1)n }n1 be the sequence of polynomials of the ﬁrst kind associated with L deﬁned by (15), then the following
formula holds
∀n 1, (z − β)Ψ (1)n (z) = − Rn+1(z)
λ
+ An+1 − An+1
λ
n∑
k=1
Rk(z)
Φk(α)
ek
. (46)
Proof. From (38) and (45),
n 1, Ω˜n+1(z) + pn+1Ω˜n(z) = −Tn+1(z) − 2z
λ(z − β)
(
Rn+1(z) + qn+1Rn(z)
)
.
Using the relation Ψn(z) = −Ω˜n(z) + 2zΨ (1)n−1(z), we get
n 1, Ψ (1)n (z) + pn+1Ψ (1)n−1(z) =
−1
λ(z − β)
(
Rn+1(z) + qn+1Rn(z)
)
. (47)
Writing (47) in the form
(z − β)
(
Ψ
(1)
n (z)
An+1
− Ψ
(1)
n−1(z)
An
)
= −1
λ
(
Sn(β,α)
Rn+1(β)
Rn+1(z) − Sn(β,α)
Rn(β)
Rn(z)
)
, (48)
taking n = 1,2, . . . and adding, we obtain
(
Ψ
(1)
n (z)
An+1
− λ
R1(β)
)
(z − β) = R1(z)
R1(β)
− 1
λ
n∑
k=1
Rk(z)
Φk(α)
ek
− 1
λAn+1
Rn+1(z).
Given that R1(z) = (−λ)(z − u1 − β − v1), then (46) follows. 
We proceed to show the main result in this section.
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following representation
λ(z − β)Ω˜n+1(z) =
(
z(λ − 2) + λβ)Ψn+1(z) + 2z
(
An+1 + (z − α)An+1
n∑
k=1
Φ
(1)
k−1(z)
Φk(α)
ek
+ (z − α)Φ(1)n (z)
)
,
Ω˜1(z) = z + β − Φ1(α)
λ
= z + u1
λ
+ α (λ − 1)
λ
. (49)
Proof. If n  2, the proof is straightforward using Ψn(z) = −Ω˜n(z) + 2zΨ (1)n−1(z), (46) and the results in Section 3. If n = 1,
we use Ω˜1(z) = z + v1. 
We give an equivalent expression in terms of Ωn .
Corollary 4.2. Under the same conditions as above, then for all n 1,
(λz − λα)Ω˜n+1(z) = (z − α)
(
Ωn+1(z) + An+1
n∑
k=1
Φk(α)
ek
Ωk(z)
)
+ An+1(z + α)
− (z(1− λ) + (1− λ)α)(Φn+1(z) + An+1Kn(z,α)). (50)
Furthermore, the series F˜L of the moments corresponding to {Ω˜n} is connected with Fu by
F˜L(z) = (λz − λα)
(z − α)Fu(z) + z(1− λ) + α(1− λ)
.
Proof. Take into account (34) and the formula F˜L = 1FL (see [4]). 
5. The special case α = β
In this section, we analyze more carefully the particular case when α = β and then λ ∈ R. In Section 2, we have seen
that the hermitian solution L of (17) yields L= u
λ
+ (λ−1)
λ
δα with λ = 1. This kind of modiﬁcations of linear functionals (for
OPUC) have been studied in [2] and [3]. There it is established the following theorem.
Theorem 5.1. Let u be regular (positive deﬁnite). Then, L is regular (positive deﬁnite) if and only if
Sn(α,α) = 1+ (λ − 1)Kn−1(α,α) = 0 (> 0), n 1. (51)
Furthermore, the sequences of the MOPS are related by
Ψn(z) = Φn(z) + AnKn−1(z,α), n 1, (52)
where An = − (λ−1)Φn(α)1+(λ−1)Kn−1(α,α) .
Remark 5.1. It is easy to check the equality between (24) and (51). The same remark for the corresponding MOPS {Ψn}.
In order to obtain the MOPS whose reﬂection parameters are −Ψn(0) we use the results in the above section.
Theorem 5.2. Assume u be regular. If L is regular and {Ω˜n} denotes the sequence of polynomials of the second kind associated
with {Ψn}, then
λ(z − α)Ω˜n+1(z) + (1− λ)(z + α)Ψn+1(z)
= (z − α)
(
Ωn+1(z) + An+1
n∑
k=1
Φk(α)
ek
Ωk(z)
)
+ An+1(z + α), n 1, (53)
and Ω˜1(z) = z + u1λ + α (λ−1)λ .
On the other hand, in Section 3, we have seen that α = β is a necessary condition in order to L be positive deﬁned.
Next, we give the orthogonality measure ν corresponding to the second kind polynomials associated with {Ψn}.
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with Fu by
F˜L(z) = λ(z − α)
(z − α)Fu(z) + (1− λ)(z + α) .
Furthermore, the absolutely continuous part of the measure of orthogonality corresponding to {Ω˜n} is given by
ν ′(θ) = λ sin(
θ−ψ
2 )μ
′(θ)
|sin( θ−ψ2 )Fu(eiθ ) − i(1− λ) cos( θ−ψ2 )|2
, where α = eiξ .
Proof. Take into account F˜L(z) = 1FL(z) and (34). 
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